In this article, the model reduction problem for a class of discrete-time polytopic uncertain switched linear systems with average dwell time switching is investigated. The stability criterion for general discrete-time switched systems is first explored, and a -dependent approach is then introduced for the considered systems to the model reduction solution. A reduced-order model is constructed and its corresponding existence conditions are derived via LMI formulation. The admissible switching signals and the desired reduced model matrices are accordingly obtained from such conditions such that the resulting model error system is robustly exponentially stable and has an exponential H 1 performance. A numerical example is presented to demonstrate the potential and effectiveness of the developed theoretical results.
Introduction
Switched systems have been widely studied in the past decades and many issues have been tackled (see, e.g. Johansson and Rantzer 1998; Rantzer and Johansson 2000; Ferrari-Trecate, Cuzzola, Mignone, and Morari 2002; Imura 2003; Wang and Zhao 2007) . For a switched system, switching signals are crucial to determine system behaviour, which might depend on either time or system state, or both, or other supervisory decision procedures (Morse 1997; Zhai, Hu, Yasuda, and Michel 2001; Daafouz, Riedinger, and Iung 2002; Liberzon 2003; Tanikawa 2008) . Usually, the switching in systems or control are classified into autonomous and controlled ones, which result respectively from system itself and the designers' intervention (Morse 1997; Liberzon 2003) .
For the autonomous switched systems, one of the basic problems is to find out less conservative stability conditions, especially considering the switching signals are arbitrary. On this issue, the multiple Lyapunov functions (MLF) approach has been well deemed less conservative in contrast with the global Lyapunov function (GLF) (Branicky 1998) . Although the general MLF idea describes how the stability of switched system is ensured, it is still hard to derive the numerically checkable stability criteria. The switched Lyapunov function (SLF) approach (Daafouz et al. 2002) , as a special kind of MLF, attracts the poly-quadratic stability idea such that some issues such as stability, control and filtering, etc., are solved for a class of discrete-time nominal or uncertain switched linear systems under arbitrary switching (Zhang, Shi, Wang, and Gao 2006; Zhang, Shi, Boukas, and Wang 2007) .
For controlled switched systems, on the other hand, stability analysis usually needs to specify dwell (or average dwell) time of the switching signal, which thereby can be also viewed as a design problem of switching laws and are frequently encountered in the switching control practice (Lee and Lim 2000; Xu and Antsaklis 2004) . Some special switching signals have been studied in this context such as dwell (average dwell) time switching, hysteresis switching, etc. (Morse 1997) , and nowadays, the average dwell time switching has been recognised to be more flexible and efficient in system stability analysis Liberzon 2003) . Often, the switched systems with dwell (or average dwell) time are also viewed as slowly switched system in the literature, and many useful results on stability analysis and control synthesis for the systems have been available within the continuous-time context including both linear case and non-linear case (see e.g. Persis, Santis, and Morse 2003; Sun 2006) . However, to the best of the authors' knowledge, the relevant problems on model reduction for high-order switched systems with dwell (or average dwell) time switching have not been investigated, with or without uncertainties. Note that with the switching feature, the model reduction results for switched systems cannot be simply obtained by means of the existing model simplification theories of general dynamic systems. Note also that both the approaches GLF and SLF will be not quite suitable to analyse the slowly switched systems due to the stricter requirements on the Lyapunov function values at the switching instants.
In this article, we are interested in the model reduction for a class of polytopic uncertain switched linear discrete-time systems under average dwell time switching. The discrete-time counterpart of the stability result of general switched systems is firstly presented. Then, a reduced-order model for the underlying system is constructed and the corresponding existence conditions are derived via LMI formulation. The obtained conditions are dependent on , which is the increasing degree of the Lyapunovlike functions associated to the different subsystem at switching instants. The admissible switching signals and the desired reduced model matrices can be obtained from such conditions for a given decay degree such that the resulting model error system is robustly exponentially stable and achieves an exponential H 1 performance.
The remainder of the article is organised as follows. The problem of model reduction for discrete-time uncertain switched linear system with average dwell time switching is formulated in x 2. In x 3, the stability result for general discrete-time switched systems, the exponential H 1 performance analysis for the underlying systems and the corresponding H 1 reduced-order model solution are developed as the main results of the article. Section 4 provides an illustrative example and x 5 concludes the article.
Notation: The notation used in this article is fairly standard. The superscript 'T' stands for matrix transposition, R n denotes the n-dimensional Euclidean space and N represents the set of non-negative integers, the notation k k refers to the Euclidean vector norm. l 2 [0, 1) is the space of square summable infinite sequence and for u ¼ {u(k)} 2 l 2 [0, 1), its norm is given by kuk 2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi P 1 k¼0 juðkÞj 2 q : C 1 denotes the space of continuously differentiable functions, and a function : [0, 1) ! [0, 1) is said to be of class K 1 if it is continuous, strictly increasing, unbounded and (0) ¼ 0. In addition, in symmetric block matrices or long matrix expressions, we use * as an ellipsis for the terms that are introduced by symmetry and diag{Á Á Á} stands for a block-diagonal matrix. Matrices, if their dimensions are not explicitly stated, are assumed to be compatible for algebraic operations. The notation P 4 0 ( ! 0) means P is real symmetric and positive (semi-positive) definite. I and 0 represent respectively, identity matrix and zero matrix. where x(k) 2 R n is the state vector, u(k) 2 R l is the input vector, which belongs to l 2 [0, 1), y(k) 2 R m is the measurement output vector. (k) is a piecewise constant function of time, called a switching signal, which takes its values in the finite set I ¼ {1, . . . , N}, N 4 1 is the number of subsystems. At an arbitrary discrete time k, (k), denoted by for simplicity, is dependent on k or x(k), or both, or other switching rules. As in Daafouz et al. (2002) , we assume that the sequence of subsystems in switching signal is unknown a priori, but its instantaneous value is available in real time. Meanwhile, for the switching times sequence k 0 5 k 1 5 k 2 5 Á Á Á of switching signal , the holding time between [k l , k lþ1 ] is called the dwell time of the currently engaged subsystem, where l 2 N. In addition, when (k) ¼ i 2 I, the matrices (A i (), B i (), C i (), D i ()) denote the ith subsystem and is a varying uncertain parameter. It is assumed that (A i (), B i (), C i (), D i ()) 2 < i , where < i is a given convex bounded polyhedral domain described by s vertices in the ith subsystem.
Problem formulation and preliminaries
Remark 1: The parameters and structure of the uncertainties in practice are usually the same throughout either the multi-models or switched control systems (McClamroch and Kolmanovsky 2000; De Koning 2003) , thus we assume both the number of vertices and uncertain parameter m in each subsystem to be equal here (not i, m ) without loss of generality.
For switching signal (k), we revisit the average dwell time property in the following definition. Remark 2: By average dwell time switching, we mean a class of switching signals satisfying that the average time interval between consecutive switchings is at least a . Then, in the analysis and synthesis for such systems, a basic problem is to specify the admissible a and herewith the admissible switching signals.
Definition 1 (Hespanha and Morse 1999): For switching signal and any
To present the main objective of this article more clearly, we also introduce the following definitions of the uncertain switched linear systems (1), which will be essential for the later development.
Definition 2:
The equilibrium x ¼ 0 of system (1) is robustly exponentially stable under switching signal (k) if for all admissible , there exist constants K 4 0, 0 5 5 1 such that the solution x(k) of the system satisfies kxðkÞk
Remark 3: For switched systems under the dwell (or average dwell) time switching, the Lyapunov function values at switching instants are often considered to increase times ( 4 1) to reduce the conservatism in system analysis and synthesis, which will lead to the normal input attenuation performance that is hard to compute or check, even in linear setting. Therefore, we adopt the following exponential H 1 performance criterion, which can be referred to and Zhai et al. (2001) for more details, to evaluate the underlying system while obtaining the expected exponential stability.
Definition 3: Given scalars 4 0 and 0 5 5 1, system (1) is said to be robustly exponentially stable with an exponential H 1 performance if it is robustly exponentially stable and under zero initial condition,
Remark 4: The concept exponential H 1 performance used here means the noise attenuation performance is different when the decay degree of the system is different. Note that the scalar symbolises the decreasing rate of the Lyapunov-like functions within each subsystem. If ! 0, the evaluated performance index will approach the normal H 1 performance for the whole time domain.
Here, we are interested in constructing a reducedorder switched system with the following form xðk þ 1Þ ¼Â i ðÞxðkÞ þB i ðÞuðkÞ yðkÞ ¼Ĉ i ðÞxðkÞ þD i ðÞuðkÞ ð 3Þ wherexðkÞ 2 R v is the state vector of the reduced-order system with v 5 n, and ðÂ i ðÞ,B i ðÞ,Ĉ i ðÞ,D i ðÞ, i 2 IÞ are matrices with compatible dimensions to be determined, and belong to a convex polytope with the same structure as described in (2), namely,
In addition, the reduced-order model with the above structure will be switched homogeneously by the switching signal in system (1). Then, augmenting the model of system (1) to include the states of system (3), we can obtain the following error system
where eðkÞ ¼ yðkÞ ÀŷðkÞ and ðkÞ ¼ xðkÞ xðkÞ
Our objective in this article is to design a reducedorder system model of form (3) and find admissible switching signals such that the resulting model error system (5) is robustly exponentially stable and guarantees an exponential H 1 performance index.
Remark 5: It is worth mentioning that if we assume (4), then we will obtain the corresponding reduced-order models as different special cases of our desired result.
Before ending this section, we present the following lemmas, which will play an important role in our further derivation.
Lemma 1 (Zhang, Boukas, and Shi, in press ): Consider the discrete-time switched system x kþ1 ¼ f (k) (x k ), (k) 2 I and let 0 5 5 1, 4 1 be given constants. Suppose that there exists C 1 functions V (k) : R n ! R, (k) 2 I, and two class K 1 functions 1 and 2 such that 8(k) ¼ i 2 I, 1 ð x j jÞ V i ðxÞ 2 ð x j jÞ ð6Þ
then the system is globally asymptotically stable for any switching signals with the average dwell time
Remark 6: The proof of Lemma 1 can be obtained following the similar lines in x 3.2 of Liberzon (2003) . Note that it can be seen from Lemma 1 that when we increase the value of , the existence likelihood of the multiple Lyapunov function for the system stability will be increased, which means the stability of the system can be ensured at the expense of increasing . In other words, for a given , the system stability will be directly dependent on .
Lemma 2 (Zhang, Boukas and Shi in press): Consider the uncertain switched linear system (5) and let 4 0, 4 0 and 4 1 be given constants. If there exist matrix functions P i () 4 0, 8i 2 I such that
then the model error system (5) is robustly exponentially stable and has an exponential H 1 performance for all admissible uncertainties satisfying (2) and any switching signals with the average dwell time satisfying (9).
Remark 7: Lemma 2 gives the exponential H 1 performance criterion for the uncertain switched linear system in discrete-time context. Its proof can be readily obtained by Lemma 1 and constructing a parameter dependent multiple Lyapunov function. It is easily seen that the performance index will depend on , the increasing degree of the Lyapunov-like functions at switching instants. In what follows, we will give the -dependent reduced model solution for the underlying systems.
Exponential H 1 model reduction
The following theorem presents sufficient conditions for the existence of an exponential H 1 reduced-order model in the form of (3).
Theorem 1: Consider the uncertain switched linear system (1) and let 4 0, 4 0 and 4 1 be given constants. If there exist matrices " P 1i, m 4 0, " P 3i, m 4 0 and matrices "
where, then, there exist a reduced-order model system such that the corresponding model error system (5) is robustly exponentially stable with an exponential H 1 performance for all admissible uncertainties satisfying 
2 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 5 (17)). In addition, by Schur complement, (18) is equivalent to
Now, let us show that conditions (12) and (13) 
2 6 6 6 6 6 6 6 6 6 4 where,
Note that from (21), we also know that
thus we can infer that T T i þ T i 4 0, which implies T i is non-singular. Then, one can always find non-singular matrices G 3i and G 4 satisfying
Now, introduce the following matrix variables related to G 3i and G 4 :
Then, by further performing a congruence transformation to (21) and (20) 
j g, respectively, and setting matrix functions
we can obtain (17) and (19).
Meanwhile, from (22) we know an admissible reduced-order model for the underlying system can be given bŷ
Now, denote the reduced-order model transfer function from u(k) to e(k) by
By substituting the matrices (Aˆi , m ,B i, m ,Ĉ i, m ,D i, m ) in (23) and considering
which implies that an admissible reduced-order model can be given by (14), this completes the proof. oe
Remark 8: Note that the matrices of the desired reduced-order model can be solved from the LMIs in (12)À (14), as well as the switching signals can be found from (9), (12) and (13). Then, the original system and the obtained reduced-order model will be switched by the switching signals satisfying (9).
Remark 9: From (12)À(14), it can be obviously seen that the reduced model matrices will be indirectly dependent on , which resembles, to some extent, the delay-dependent issues in time-delay system to determine delay-dependent controller or filter, etc. Therefore, a new concept -dependent approach for the underlying system is introduced here, and the results developed with this concept will present less conservatism compared to the existing results that one can refer to as '-independent', such as those based on the GLF or the SLF approaches (the switching signal is arbitrary therein).
Remark 10: In addition, conditions (12) and (13) are formulated in terms of a set of LMIs, which are not only over the matrix variables but also the scalar 2 . Therefore, the scalar can be optimised by a -dependent convex optimisation problem for a fixed system decay degree as follows.
Problem 1:
Min subject to ð12Þ and ð13Þ, 8i 2 I, 1 m s with
The minimum exponential noise attenuation level bound is then obtained by setting
, where * is the optimal value of , and the corresponding reduced system matrices are given by (14).
Numerical example
Consider the following uncertain discrete-time switched linear systems consisting of two uncertain subsystems, where there are two vertices in subsystem 1: Our purpose is to find a reduced-order model in the form of (5) and the admissible switching signals for the above uncertain switched system such that the resulted model error system is robustly exponentially stable with a -dependent exponential H 1 performance, for a given decay degree . By solving Problem 1, we can obtain the different optimal * for different as shown in Table 1 .
Obviously, it can be seen from Table 1 that the obtained exponential H 1 performance * of the error system is dependent on (it is straightforward from (9) that the average dwell time also depends on ). Note that although the larger corresponds to the smaller obtained *, it will be at the expense of longer average dwell time in the system yet. In addition, by giving ¼ 0.05, the corresponding -dependent reduced-order system can also be solved by Problem 1, e.g. for ¼ 1.2, the second-order reduced system model for the underlying system are obtained with the following matrices: Figures 1 and 3 show the output trajectories of the original system and second-order reduced model by randomly giving different uncertain parameters in (2), and Figures 2 and 4 present the output errors between original system and the reduced-order system. It can be observed from simulation curves that the obtained reduced model approximate the original system very well against varying parameter uncertainties under the corresponding average dwell time switching signal ( a ¼ 4 for both 1 and 2 ).
Conclusions
The problem of exponential H 1 model reduction for a class of discrete-time uncertain switched linear system with average dwell time switching is investigated in this article. First, the stability result for general discrete-time switched systems is presented and a -dependent approach is introduced for the considered systems to the model reduction solution. Then, a reduced-order model is constructed and the corresponding LMI-based existence conditions are derived. The admissible switching signals and reduced-order model are consequently obtained from such conditions for a given decay degree such that the resulting model error system is robustly exponentially stable and has an exponential H 1 performance. A numerical example is presented to demonstrate the applicability and effectiveness of the developed theoretical results. The ideas and methods behind the article are expected to extend into other complex systems wtih time delays, combining the existing results such as Basin and Rodkina (2005) Basin (2006, 2007) and , etc. 
